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Abstract. We show that Cannon-Thurston maps exist for degenerate free 
groups without paraboHcs, i.e. for handlebody groups. Combining these tech- 
niques with earlier work proving the existence of Cannon-Thurston maps for 
surface groups, wc show that Cannon-Thurston maps exist for arbitrary finitely 
generated Kleinian groups, proving a conjecture of McMullen. We also show 
that point pre-images under Cannon-Thurston maps for degenerate free groups 
without parabolics correspond to end-points of leaves of an ending lamination 
in the Masur domain, whenever a point has more than one prc-image. This 
proves a conjecture of Otal. We also prove a similar result for point pre-images 
under Cannon-Thurston maps for arbitrary finitely generated Kleinian groups. 
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1. Introduction 

In |28j we showed that simply or doubly degenerate surface Kleinian groups with- 
out accidental parabolics admit Cannon-Thurston maps, answering affirmatively a 
question of Cannon and Thurston (Section 6 of [5] [S])- In [IHl we had shown that 
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point pre-images of the Cannon-Thurston map for simply or doubly degenerate 
groups without parabolics correspond to endpoints of leaves of ending laminations 
whenever a point has more than one pre-image. The main aim of this paper is to 
apply the techniques developed in [28] and the result of [2^ to extend these results 
to arbitrary finitely generated Kleinian groups. This completes the project starting 
with [28] and proceeding through [29], [10], [Tl] . 

The principal new ingredient is a proof of the existence of Cannon-Thurston 
maps for degenerate handlebody groups without parabolicsQ The following is the 
main new ingredient of this paper. 

Theorem 14.51 Let G be a finitely generated free degenerate Kleinian group without 
parabolics. Let i : Tq V.^ be the natural identification of a Cayley graph of G 
with the orbit of a point in H"^. Then i extends continuously to a map i : Tg — >■ D'^- 
Let di denote the restriction of i to the boundary dT ofT. Then di{a) = di{b) for 
a =/= b IE dV if and only if a, 6 are either ideal end-points of a leaf of an ending 
lamination of G, or ideal boundary points of a complementary ideal polygon. 

A crucial idea in the proof of the existence of the Cannon-Thurston map i in 
Theorem [43] goes back to Miyachi [27] in the case of bounded geometry. The proof 
of Theorem 14.51 generalizes with some modifications to arbitrary finitely generated 
Kleinian groups. 

Theorems 13.191 and 14.61 Let G be a finitely generated Kleinian group. Let i : 
Tg — > H"^ be the natural identification of a Cayley graph of G with the orbit of a 
point in H"^. Then i extends continuously to a map i : Tg TO)^, where Tg denotes 
the ( relative ) hyperbolic compactification of Tg . Let di denote the restriction of i 
to the boundary OTg of Tg • 

Let E be a degenerate end of = H-^/G and E a lift of E to and let Mgf 
be an augmented Scott core of . Then the ending lamination C e for the end 
E lifts to a lamination on Mgf H E. Each such lift C of the ending lamination 
of a degenerate end defines a relation TZc on the (Gromov) Hyperbolic boundary 
dMgf (equal to the relative hyperbolic boundary OTg ofTG), given by aTZcb iff a,b 
are end-points of a leaf of C Let {TZi\i be the entire collection of relations on 
dMgf obtained this way. Let TZ be the transitive closure of the union IJjT^i- Then 
diia) = di{b) iff aUb. 

Theorem 13. 191 gives an affirmative answer to a conjecture of McMullen [22] and 
Theorem 14.51 gives an affirmative answer to a conjecture of Otal [35]. 

For ease of exposition, throughout this paper, we shall often first work out the 
problem for free groups and then indicate the generalization to arbitrary finitely 
generated Kleinian groups. 

Acknowledgments: I am grateful to Jean-Pierre Otal for suggesting the problem 
of finding point pre-images of the Cannon- Thurston map for handlebodies; and for 
giving me a copy of his thesis |33| , where the structure of Cannon-Thurston maps 
for handlebody groups is conjectured. I would also like to thank the referee for 
several suggestions and corrections. This work is partly supported by a CEFIPRA 
Indo- French Research grant 4301-1. 



^An earlier version of some parts of this paper existed in draft form in an earlier version of 
|28) . The division of material between [28) and the present paper is in the interests of readability. 
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1.1. Relative Hyperbolicity. We refer the reader to Farb [T2] for terminology 
and details on relative hyperbolicity and electric geometry. 

Definition 1.1. Given a metric space {X,dx) and a collection Ji of subsets, let 
£{X,H) = Xljjj^y^{H X [0, i]) be the identification space obtained by identifying 
{h,0) € H X [0, ^] with h £ X. Each {h} x [0, ^] is declared to be isometric to the 
interval [0, ^] and H x {i} is equipped with the zero metric. £{X,'H) is given a 
path pseudo-metric as follows. 

Only such paths in £{X^ T-L) are allowed whose intersection with any {K] x (0, i) 
is either all of {h} x (0, i) or is empty. The distance between two points in £{X, H) 
is the infimum of lengths of such allowable paths. 

The resulting pscudo- metric space £{X,H) is the electric space associated to 
X and the collection H. 

We shall say that £{X, Ti) is constructed from X by electrocuting the collection 

"H and the induced pseudo-metric de will be called the electric metric. 

If £{X,H) is (Gromov) hyperbolic, we say that X is weakly hyperbolic relative 

to n. 

Note that since £(X,'H) = X \_\jj^^y^{H x [0, ^J), X can be naturally identified 
with a subspacc of £{X,'H). Paths in {X,dx) can therefore be regarded as paths 
in £{X, %), but are very far from being quasi-isometrically embedded in general. 

A collection % of subsets of (X, dx) is said to be ZJ-separated if dx {Hi,H2) > D 
for all Hi,H2 £ TL; Hi ^ H2- U-separatedness is only a technical restriction as the 
collection {H x {i} : H E H} is 1-separated in £{X, H). 

Definition 1.2. Given a collection "H of C-quasiconvex, /^-separated sets in a 
(Gromov) hyperbolic metric space {X, dx) we shall say that a geodesic (resp. quasi- 
geodesic) 7 is a geodesic (resp. quasigeodcsic) without backtracking if 7 does 
not return to H after leaving it, for any H G H. 

There is a distinguished collection of 1-separated subsets of £(X,'H) given by 
{H X {i} : H € 7i}. An electric quasigeodesic without backtracking in £{X, H) 
is an electric quasigeodesic that does not return to H x {^} after leaving it, for any 

Hen. 

Notation: For any pseudo metric space {Z, p) and A C Z,we shall use the notation 
Nji{A, p) = {x e Z : p{x, A) < R} as for metric spaces. 

Lemma 1.3. (Lemma 4-5 and Proposition 4-6 of Theorem 5.3 of [T5]; ^) 
Given 6, C there exists A .such that if {X, dx) is a 6 -hyperbolic metric .space with a 
collection n of C-qua.siconvex sets, then, 

Electric quasi-gcodesics electrically track (Gromov) hyperbolic geodesies: For all 
P > 0, there exists K > such that if jS is any electric P -quasigeodesic from x to 
y, and ^ is a geodesic in {X,dx) from x to y, then (3 C Nuij^de). Further, 

1) ^CNKi{Noil3,de)),dx). 

2) Relative Hyperbolicity: X is weakly hyperbolic relative to %. £{X,'H) is A- 
hyperholic. 

Note that we do not need Z?-separatedncss in the hypothesis of Lemma 11.31 
Let {X,dx) be a 5-hyperbolic metric space, and % a family of C-quasiconvex, 
collection of subsets. Let a = [a, 6] be a geodesic in (X, dx) and j3 an electric P- 
quasigeodesic without backtracking in £{X, %) joining a, h. Order from the left the 
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collection of maximal subsegments of /? contained entirely in some Hx{^} : H G H. 
Let {[pi,qi\ X {jKc Hi)}i be the collection of maximal subsegments. Replace, as 
per this order, each path of the form {pi\ x [0, 5] U [pi^qi] x {i} U {qi} x [0, i] C 
Hi X [0, ^] by a geodesic \pi,qi\ in X. The resulting connected path fiq in X is 
called an electro- ambient representative of /3 in X. 

Lemma 1.4. ('^ee Proposition 4-3 of [18] . afeo see Lemma 3.10 of |30] j Given 5, 
C, P there exists C3 swc/i t/iat t/ie following holds: 

Let [X, dx) he a 5 -hyperbolic metric space and H. a family of C -quasiconvex subsets. 
Let {X,de) denote the electric space obtained by electrocuting elements ofH. Then, 
ifa,/3q denote respectively a (Gromov) hyperbolic geodesic and an electro- ambient 
P-quasigeodesic with the same end-points, then a lies in a ( Gromov hyperbolic dx—) 
C3 neighborhood of (3q . 

Two paths /3,7 in {X,dx) with the same endpoints arc said to have similar 
intersection patterns with T-L if there exists e > 0, depending only on {X,H), such 
that: 

• Similar Intersection Patterns 1: If precisely one of {/3,7} meets some 
H E %, then the dx-distancc from the entry point to the exit point is at 
most D. 

• Similar Intersection Patterns 2: If both {/3,7} meet some H E H, 
then the distance from the entry point of /3 to that of 7 is at most D, and 
similarly for the exit points. 

Definition 1.5. [T^] Suppose that X is weakly hyperbolic relative to Ti. Suppose 
that any two electric quasigeodesics without backtracking and with the same end- 
points have similar intersection patterns with respect to the collection {H x i : 
H G H}. Then {X,TL) is said to satisfy bounded penetration and X is said to 
be strongly hyperbolic relative to H. 

The next condition ensures that (X, is strongly hyperbolic relative to H. 

Definition 1.6. A collection Ti of uniformly C-quasiconvcx sets in a (5-hyperbolic 
metric space X is said to be mutually D-cobounded if for all Hi, Hj G H, Tri{Hj) 
has diameter less than D, where tt^ denotes a nearest point projection of X onto 
Hi. A collection is mutually cobounded if it is mutually D-cobounded for some 
D. 

Lemma 1.7. |28j Let X be a hyperbolic metric space andH a collection of e neigh- 
borhoods of mutually cobounded quasiconvex sets; then any electro- ambient quasi- 
geodesic is a quasigeodesic in X . 

Partial Electrocution 

Let M be a (not necessarily simply connected) convex hyperbolic 3-manifold with a 
neighborhood of the cusps excised. Then each boundary component of M is of the 
form cr X P, where P is either an interval or a circle, and cr is a horocycle of some 
fixed length cq. In the universal cover M, if we excise (open) horoballs, we are left 
with a manifold whose boundaries are flat horospheres of the form a x P. Note 
that P = P if P is an interval, and R if P is a circle (the case for a (Z + Z)-cusp ). 

Let y be a convex simply connected hyperbolic 3-manifold. Let B denote a 
collection of horoballs. Let X denote Y minus the interior of the horoballs in B. 
Let Ti denote the collection of boundary horospheres. Then each H & H with the 
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induced metric is isometric to a Euclidean product x L for an interval L C M.. 
Here E-^ denotes Euclidean 1-space. Partially electrocute each H by giving it 
the product of the zero metric with the Euclidean metric, i.e. on E'^ put the zero 
metric and on L put the Euclidean metric. The resulting space is essentially what 
one would get (in the spirit of }12| ) by gluing to each H the mapping cylinder of 
the projection of H onto the L-factor. Let dpei denote the partially electrocuted 
pscudomctric on X . 

The above construction can be done in the base manifold Al itself by equipping 
the boundary component a x P with the product of a zero metric in the a direction 
and the Euclidean metric in the P-direction. 

Lemma 1.8. j2H] (X, dpei) is o, (Gromov) hyperbolic metric space. 

1.2. Cannon-Thurston Maps. Let {X,dx) and {Y^dy) be hyperbolic metric 
spaces. By adjoining the Gromov boundaries dX and dY to X and F, one ob- 
tains their compactifications X and Y respectively. 
Let i :Y ^ X denote a proper map. 

Definition 1.9. Let X and Y he hyperbolic metric spaces and i : Y ~> X be a 
proper map. A Cannon-Thurston map i from Y to X is a continuous extension 
ofi. 

Lemma 2.1 of [5^ below gives a necessary and sufficient condition for the exis- 
tence of Cannon- Thurston maps. 

Lemma 1.10. [26j A Cannon- Thurston map from Y to X exists iff the following 
condition is satisfied: 

Given yo S Y , there exists a non-negative function M{N), such that M{N) — ^ oo 
as N ^ oo and for all geodesic segments X lying outside an N-ball around yo € Y 
any geodesic segment in X joining the end-points of i{X) lies outside the M{N)-ball 
around i{yo) G X . 

We shall now give a criterion for the existence of Cannon-Thurston maps between 
relatively hyperbolic spaces. Let X and Y be strongly hyperbolic relative to the 
collections Hx and Tiy respectively. Let i: F — > X be a weakly type-preserving 
proper embedding, i.e. for Hy G ^-y there exists Hx G Tix such that i{Hy) C Hx 
and images of distinct elements of T-Ly lie in distinct elements of l-Lx ■ 

In the Lemma below, we specialize to the case where X, Y are convex simply con- 
nected complete hyperbolic manifolds with some disjoint (open) horoballs removed. 
"Hx and Hy will denote the resulting horosphcres. 

Lemma 1.11. [32] A Cannon- Thurston map for a weakly type- preserving proper 
embedding i: Y X exists if and only if there exists a non-negative function M{N) 
with M{N) oo as N oo such that the following holds: 

Suppose yo G Y, and X in Y — £{Y,TLy) is an electric quasigeodesic segment 
starting and ending outside horosphcres. If X^ = A \ UxeWy ^ outside an 
BnIi/o) C Y, then for any electric quasigeodesic (3 joining the end points of i{X) in 
X = £{X,nx), = /3 \ V]HeHx H BM(NMyo)) C X. 

We shall describe this informally as follows: 
// A lies outside a large ball modulo horoballs then so does any geodesic in X 
joining its endpoints. 
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In [11) we proved the existence of Cannon- Thurston maps for Kleinian groups 
corresponding to pared manifolds whose boundary is incompressible away from 
cusps. 

Definition 1.12. A pared manifold is a pair {M,P), where P C 6M is a (pos- 
sibly empty) 2- dimensional suhmanifold with boundary such that 

(1) the fundamental group of each component of P injects into the fundamental 
group of M 

(2) the fundamental group of each component of P contains an abelian subgroup 
of finite index. 

(3) any cylinder C : {S^ x I,SS^ x /) — > {M,P) such that tti{C) is injective is 
homotopic rel boundary into P. 

(4) P contains every component of 5M which has an abelian subgroup of finite 
index. 

A pared manifold {M, P) is said to have incompressible boundary if each 
component of SqM = dM \P is incompressible in M. 

The following Theorem summarizes the main results of [28], [29], [10], [11]. It 
proves the existence of Cannon-Thurston maps for Kleinian groups corresponding 
to pared manifolds whose boundary is incompressible away from cusps. It also 
describes the structure of these maps in terms of ending laminations. 

Theorem 1.13. [11] Suppose that iV'' e H{M,P) is a hyperbolic structure on a 
pared manifold (Af , P) with incompressible boundary. Let Mgf denotes a geomet- 
rically finite hyperbolic structure adapted to {M,P). Then the map i : Mgf 
extends continuously to the boundary di : dMgf — > dN^. 

Let E be a degenerate end of iV'' and E a lift of E to N^- . Then the ending 
lamination Ce for the end E lifts to a lamination on Mgf HE. Each such lift L of 
the ending lamination of a degenerate end defines a relation TZc on the (Gromov) 
hyperbolic boundary dMgf given by aTZcb iff a,b are end-points of a leaf of C Let 
{TZi}i be the entire collection of relations on dMgf obtained this way. LetTZ be the 
transitive closure of the union {J^TZi. Then di{a) = di{b) iff aTZb. 

2. Split Geometry 

Split level Surfaces 

A pants decomposition of a compact surface S, possibly with boundary, is a 
disjoint collection of 3-holed spheres Pi, • ■ • , P„ embedded in S such that S\{_^^Pi 
is a disjoint collection of non-peripheral annuli in 5, no two of which are homotopic. 

Let N be the convex core of a hyperbolic 3-manifold minus an open neighbor- 
hood of the cusp(s). Then any end E oi N is simply degenerate [1], [14], [^ and 
homeomorphic to S* x [0, oo), where 5 is a compact surface, possibly with boundary. 
A closed geodesic in an end E homeomorphic to 5 x [0, oo) is unknotted if it is 
isotopic in to a simple closed curve in S' x {0} via the homeomorphism. A tube 
in an end E G N is a, regular i?— neighborhood TV (7, R) of an unknotted geodesic 
7 in E. 

Let T denote a collection of disjoint, uniformly separated tubes in ends of N 
such that 

a) all Margulis tubes in E belong to T for all ends E oi N . 
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b) there exists eg > such that the injectivity radius injradx{E) > eg for ah 
xe E\ Utst Int{T) and ah ends E of N. 

Let : ^ M be a bi-Lipschitz homconiorphism and let M (0) be the image 
oi N \ [Jrpfz-j- I'n't{T) in M under the bi-Lipschitz homcomorphism F. Let dM{0) 
(resp. DM) denote the boundary of A/(0) (resp. M). M wih be caUed the model 
manifold. The metrics on M and M will be denoted by (Im- 

Let {Q, dQ) be the unique hyperbolic pair of pants such that each component of 
dQ has length one. Q will be called the standard pair of pants. An isometrically 
embedded copy of (Q, dQ) in (A/(0), dM{0)) wih be said to be flat. 

Definition 2.1. A split level surface associated to a pants decomposition {Qi, • • ■ , 
of S in M(0) C M is an embedding / : U,iQ,,dQ,) (M(0), dM{0)) such that 

1) Each f{Q^,^Qi) is flat 

2) / extends to an embedding (also denoted /) of S into M such that the interior 
of each annulus component of f{S \ |Jj Qi) lies entirely in F(\Jj,^^ Int{T)). 

Let Sf denote the union of the collection of flat pairs of pants in the image of 
the embedding Si. 

The class of all topological embeddings from S to AI that agree with a split level 
surface / associated to a pants decomposition {Qi, ■ ■ • , Qn\ on Qi U • • ■ U Qn will 
be denoted by [/]. 

We define a partial order <e on the collection of split level surfaces in an end E 
of M as follows: 

/i <E /2 if there exist gi G [/;], i = 1,2, such that 52(5') lies in the unbounded 
component ol E\ gi{S). 

A sequence Si of split level surfaces is said to exit an end E ii i < j implies 
Si <E Sj and further for all compact subsets B C E, there exists L > such that 
SiDB = $ for all i > L. 

Definition 2.2. A curve v in S G E is ^-thin if the core curve of the Margulis 
tube Ty{c E C N) has length less than or equal to I. A tube T E T is l-thin if its 
core curve is l-thin. A tube T € T is l-thick if it is not l-thin. 
A curve v is said to split a pair of split level surfaces Si and Sj (i < j) if v occurs 
as a boundary curve of both Si and Sj . 

The collection of all ^-thin tubes is denoted as 71. The union of all ^-thick tubes 
with A/(0) is denoted as M{1). 

Definition 2.3. A pair of split level surfaces Si and Sj (i < j) is said to be k- 
separated if 

a) for all x G Sf , dM{x, Sj) > k 

b) Similarly, for all x G S'j , dM{x,Sl) > k. 

Definition 2.4. An L-bi-Lipschitz split surface in M{1) associated to a pants 
decomposition {Qi, ■ ■ ■ , Qn} of S and a collection {^i, ■ ■ • , Am} of complementary 
annuli in S is an embedding / : UiQi [J UiAi — >■ M{1) such that 

1) the restriction / : Ui{Qi,dQi) — > (A/(0), i9M(0)) is a split level surface 

2) the restriction f : Ai ^ -^^(0 L-bi-Lipschitz embedding. 
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3) / extends to an embedding (also denoted /) of S into M such that the interior of 
each annulus component of f{S \ {UiQi [J UiAi)) hes entirely in -F'(UTeT; 

Note: The difference between a split level surface and a split surface is that the 
latter may contain bi-Lipschitz annuli in addition to flat pairs of pants. 

We denote split surfaces by to distinguish them from split level surfaces Si. 
Let Ef denote the union of the collection of flat pairs of pants and bi-Lipschitz 
annuli in the image of the split surface (embedding) E^ . 

Theorem 2.5. Let N,M,M{0),S,F be as above and E an end of M. For any I 
less than the Margulis constant, let M{1) ~ {F(x) : injradx(-/V) > I}- Fix a hy- 
perbolic metric on S such that each component of dS is totally geodesic of length 
one (this is a normalization condition). There exist Li > 1, ei > 0, n G N, and a 
sequence Ej of Li-bi-Lipschitz, ei-separated split surfaces exiting the end E of M 
such that for all i, one of the following occurs: 

(1) An l-thin curve v splits the pair (E,, E.^+i), i.e. v splits the associated split 
level surfaces {Si, Si+i), which in turn form an l-thin pair. 

(2) there exists an Li-bi-Lipschitz embedding 

G, : [S X [0, 1], {dS) X [0, 1]) ^ {M,dM) 
such that Ef = G^{S x {0}) and Ef+i = G.,{S x {1}) 
Finally, each l-thin curve in S splits at most n split level surfaces in the sequence 

A model manifold M all of whose ends are equipped with a collection of exiting 
split surfaces satisfying the conclusions of Theorem 12. 51 is said to be equipped with 
a weak split geometry structure. 

Pairs of split surfaces satisfying Alternative (1) of Theorem 12.51 will be called 
an Z-thin pair of split surfaces (or simply a thin pair if / is understood). Similarly, 
pairs of split surfaces satisfying Alternative (2) of Theorem 12.51 will be called an 
Z-thick pair (or simply a thick pair) of split surfaces. 

Definition 2.6. Let (E|, Ej'^j^) be a thick pair of split surfaces in M . The closure 
of the bounded component o/M\ (E^ UE|_|_j^) between Ef,E?_|_]^ will be called a thick 
block. 

Note that a thick block is uniformly bi-Lipschitz to the product S x [0,1] and 
that its boundary components are Ef, E|_^j^. 

Definition 2.7. Let (E|,E^_|_]^) be an l-thin pair of split surfaces in M and F{Ti) 
be the collection of l-thin Margulis tubes that split both E^, E^_|_j^. The closure of the 
union of the bounded components of M \ ((Ef U 'Sf^i) [JF(T)eF{Ti) ^C^)) between 
Ef,Ef_|_]^ will be called a split block. Equivalently, the closure of the union of the 
bounded components of M{1) \ (Ef U E|_|_j^) between Ef,E|_|_]^ is a split block. Each 
connected component a split block is a split component. 

Remark 2.8. For each lift K C M of a split component K oi a. split block of 
M{1) C M, there are lifts of Z-thin Margulis tubes that share the boundary of K 
in M. Adjoining these lifts to K we obtain extended split components. Let 
/C' denote the collection of extended split components in Af . Denote the collection 
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of split components in M{1) C M by /C. Let M{1) denote the lift of M(/) to M. 
Then the inclusion of M{1) into M gives a quasi-isometry between £{M{1), /C) and 
£{M,]C') equipped with the respective electric metrics. This follows from the last 
assertion of Theorem 12.51 

The electric metric on £{M,IC') is called the graph- metric and is denoted by 
do- The electric space will be denoted as {M,dc)- 

The electric metric on £{M , IC[jTi) is quasi-isometric to the electric metric on 
£{M,IC'), again by the last assertion of Theorem 12.51 The electric space will be 
denoted as (M,(i^). 

Definition 2.9. Let Y C N and X = F{Y). X C M is said to be A-graph 
quasiconvex if for any hyperbolic geodesic fj, joining a,b G Y , F{fi) lies inside 
NA{X,dG) C £{M,IC'). 

For X a split component in a manifold, define CH{X) = F{CH{Y)), where 
CH{Y) is the convex hull of Y in N , provided the ends of N have no cusps, 
i.e. = N^. Else define CH{X) to be the image under F of CH{Y) minus 
cusps. Further, in order to ensure hyperbolicity of the universal cover, we partially 
electrocute the cusps of M (cf. Theorem II. 8p . 

Then A-graph quasiconvexity of X is equivalent to the condition that diaG{CH{X)) 
is bounded by A' = A'(A) as any split component has diameter one in (A/, do). 

A split component A' (c E) C iV is incompressible if the map : 7ri(/v) tti{N) 
induced by the inclusion is injective. Lemma [2. 101 Proposition l2.111 and Proposition 
12.121 below were proved in [28] for M homotopy equivalent to a surface, where all 
split components are automatically incompressible. However the proofs in |28j 
require only that the split components be incompressible in M . 

Lemma 2.10. Let E be a simply degenerate end of a hyperbolic 3-manifold N 
equipped with a weak split geometry model M . For K an incompressible split com- 
ponent contained in E, let K be a lift to N. Then there exists Cq ~ Cq{K) such 
that the convex hull of K minus cusps lies in a Co -neighborhood of K in N. 

Proposition 2.11. If !•( is an incompressible split component, then K is uniformly 
graph- quasiconvex in M, i.e. there exists A' such that diaG{CH{K))) < A^rime 
for all incompressible split components K . 

Proposition 2.12. Suppose that all split components of M are incompressible. 
Then (M^dc) and hence {M,dQ) are Gromov-hyperbolic. 

In fact electro-ambient quasigeodesics in (M, do) and (M, dg.) have the following 
relation. 

Lemma 2.13. Let M be the a model of split geometry such that all split compo- 
nents are incompressible. Let {M ,dQ){~ £{M,IC')) and (M ,dQ){= £{M , IC[JTi)) 
be as above. Given a ^ M and Cq > 0, there exists a function : N — ?• N satisfying 
Q{n) — >■ oo as n oo such that the following holds. 

For any a,b Q M, let (3^^ be an electro- ambient Co — quasigeodesic without back- 
tracking in (M, do) joining a, b. Let Pea = \ 9M be the part of (3^^ lying 
away from the (bi-Lipschitz) horospherical boundary of M . Again, let be an 
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electro- ambient Cq — quasigeodesic without backtracking in [Ad,dQ) joining a,b. Let 
Peal = /3eai\'9-^ the part of P^ai ^''■^9 away from the (bi-Lipschitz) horospherical 
boundary of M . 

Then dMiPecn o) > n implies that dM {Peal, o) > Q{n). Conversely, dMiPeai, o) > 
n implies that dMiPeaio) > Q{n). 

Proof. Let K' be an extended split component in IC' and K' denote its universal 
cover. Let K' = K IJ where are the universal covers of ^-thin Margulis tubes 
abutting the split component K in K' . Suppose K C Bi the i-th split block in an 
end-E. _ 

Then K' is hyperbolic and contained in a C(i)-neighborhood of K . The argument 
is now a reprise of similar arguments in Section 6 of [15] . 

Hence for all i, there exists C(z), such that Peai HBi lies in a C(«)-neighborhood 
of Pea n Bi in M. Suppose duiPea, o) > n. Hence, by uniform fco-separatedness of 
split surfaces, dmiPeai H o) > max{n — C{i), iko). 

Let D{i) = maxKj<iC{i). Then dM{Peai,o) > max{n ~ D{i) , iko) for all i. The 
Lemma follows. 

The converse direction is similar. □ 

We summarize the conclusions of the above propositions below. 

Definition 2.14. A model manifold of weak split geometry is said to be o/ split 
geometry if 

(1) Each split component K is quasiconvex (not necessarily uniformly) in the 
hyperbolic metric on N . 

(2) Equip M with the graph-metric da obtained by electrocuting (extended) split 
components K . Then the convex hull CH{K) of any split component K has 
uniformly bounded diameter in the metric da- 

Hence by Lemma [2.101 and Proposition 12 . 11 1 we have the following. 

Theorem 2.15. Any degenerate end of a hyperbolic 3-manifold is bi-Lipschitz 
homeomorphic to a Minsky model and hence to a model of split geometry. 

3. Free Groups and Finitely Generated Kleinian Groups 

Let G be a free geometrically infinite Kleinian group. Agol [1], and indepen- 
dently, Gabai and Calegari [M] have shown that TV = H^/G is topologically tame, 
and hence, by work of Canary [7], geometrically tame. Then any manifold M bi- 
Lipschitz to N is homeomorphic to the interior of a handlebody with boundary 
S. 

More generally, let G be a finitely generated Kleinian group and G/ be a geo- 
metrically finite Kleinian group, abstractly isomorphic to G via a type-preserving 
isomorphism. Let H denote the convex core of H'^/G/ and let M be bi-Lipschitz 
homeomorphic to iV = H'^/G. Then there is a natural identification i : H ^ M 
of H with the augmented Scott core (i.e. Scott core plus parabolics) of M. Let 
i indicate the lift of i to the universal cover. For most of the discussion below, 
it might be helpful at a first reading to have in mind a free geometrically infinite 
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Kleinian group without parabolics. We fix this notation for H, M, S throughout 
this section. 

3.1. The Masur Domain. 

Definition 3.1. Let E be an end of a hyperbolic manifold such that E is homeomor- 
phic to S X [0, oo) for S a finite area hyperbolic surface. A map h : E ^ S X [0, oo) 
is said to be type-preserving, if all and only the cusps of E are mapped to cusps of 
S X [0,oo). 

Theorem 3.2. [T] [T3] [3] [5] Let G be a finitely generated Kleinian group and 
M = H'^/G. Let H denote an augmented Scott core of M . Let Ei be a geomet- 
rically infinite end of M \ H . Then Ei is homeomorphic (via a type-preserving 
homeomorphism) to a topological product S x [0, c») for a hyperbolic surface S of 
finite area. Further, there exists a neighborhood E of the end corresponding to Ei 
such that E is bi-Lipschitz homeomorphic to a Minsky model for S x [0, oo) and 
hence to a model of split geometry. 

The last part of the last statement follows from Theorem l2.15l 
Some ambiguity remains in the statement of Theorem 13.21 above. This lies in 
the choice of the ending lamination for E used to build the Minsky model. Since 
i : S G E is type-preserving, no parabolic clement of S bounds a compressing disk. 

Let A4C{S) be the space of measured laminations. Let P(S') be the subset 
of A4C{S) consisting of weighted unions of disjoint meridians (i.e. boundaries of 
compression disks lying on S). Let cl{'D{S)) denote the closure of ^{S). Define the 
Masur domain of S by 

MV{S) = {Xe MC{S) : i{X,^I) > 0} for all ^i e cl{V{S)), provided S has at least 
two disjoint isotopy classes of compressing disks. 
Else, we define 

A4'D{S) = {A G A4C{S) : i(A, /i) > for any /i that is disjoint from a compressing 
disk } 

Now, let Al — H Ui Ei, where H is an augmented Scott core. Let S ~ H D E he 
one of the boundary components of H. Let Modo{S) denote the subgroup of the 
mapping class group of S generated by Dchn twists along essential simple closed 
curves that bound embedded disks in H. As is customary, a prefix V will indicate 
projectivization. Modo{S) acts on VM.C{S). It was shown by Otal [33] (see also 
McCarthy and Papadopoulos |2D]) that under this action, Modo{S) acts properly 
discontinuously on PMV{S){c rMC{S)) with limit set Pcl{V{S)){d VMC{S)). 

The ending lamination is well-defined up to the action of Modo{S) (see [7]). 

Theorem 3.3. [71 For any finitely generated Kleinian group, the ending lamination 
A facing a surface S with a compressing disk lies in the Masur Domain. 

For our purposes we shall mostly be satisfied with the fact that E is bi-Lipschitz 
homeomorphic to some Minsky model, and hence, by Theorem 13.21 

3.2. Incompressibility of Split Components. We would like to show that suffi- 
ciently deep within an end E, all split components are incompressible in M. Recall 
that splitting tubes correspond to thin Margulis tubes in the split geometry model 
built from the Minsky model. 

Proposition 3.4. Let M = HU E. Equip E with a split geometry structure. Then 
there exists E2 <Z E such that 
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(1) E2 is homeomorphic to S x [0, 00) by a type-preserving homeomorphism and 
consists of a union of blocks and tubes from the split geometry model for E. 

(2) All split components of E2 are incompressible, i.e. if K is a split component 
of E2, then the inclusion i : K ^ M induces an injective map : 7ri(A') — >• 
MM). 

Proof: Suppose not. Then there exists a sequence of spht components Ki exiting 
the end E such that i^ : Tri{K) 7Ti{M) is not injective. Since Ki are spht 
components, Ki = Si x I for some subsurface Si of S. By the Loop Theorem (see 
for instance, Hempel [H]), there exist simple closed curves (7^ C Si such that o-j 
bound embedded topological disks in H. Hence ct; € T^{S). Let Tj be a splitting 
tube bounding Ki. Then Ti has a core curve a^, which in turn corresponds to a 
simple closed curve on S. It follows that dcc{oii,'D{S)) = 1, where dec denotes 
distance in the curve-complex. Since any such sequence of curves ai converges to 
the ending lamination A corresponding to the end E, it follows that A S cl{'D{S)) 
and hence cannot lie in the Masur domain. This contradicts Theorem 13.31 The 
proposition follows. □ 

As an immediate consequence we have the following. 

Lemma 3.5. If K is a split component, then 7ri(A')(c 7ri(Af)) is geometrically 
finite (Schottky, in the absence of parabolics). 

Proof. Follows from Lemma [2. 101 □ 

Proposition 3.6. If K is a split component, then K is uniformly graph- quasiconv ex 
in M. 

Proof. Follows from Proposition 12. 11 1 □ 
Proposition 3.7. {M,dQ) is a hyperbolic metric space. 

Proof. Follows from ProDOsition l2.12l □ 



3.3. Constructing Quasidisks. The construction in this subsection may be re- 
garded as a graph-metrized coarse analogue of an unpublished construction due to 
Miyachi [57] (see also Souto [33] ). The main technical difference between Miyachi's 
construction and ours is that Miyachi constructs continuous images of disks that 
actually separate the universal cover M, whereas we only construct quasidisks. As 
a consequence it becomes technically more difficult for us to prove that quasidisks 
coarsely separate. This is why we need a special family of paths which we shall call 
'admissible paths' in the next subsection which cither intersect or come close to the 
quasidisks we construct below. 

We choose a collection of essential simple closed curves cti • • • on S' bounding 
disks Di - ■ ■ Dg with neighborhoods Di x (— e, e) such that each component oi H\ 
IJj D,; X (— e, e) is either a ball or has incompressible boundary (rel. cusps). Also 
assume that ai are geodesies in the intrinsic metric on S. Next, let E be described 
as a union of contiguous blocks Bk, where each 5^ is either a split block, or a thick 
block. 

Further, let dB^ = Sk-i U Sk with Sk the upper boundary and 5^-1 the lower 
boundary. Also let S = Sq and ai = Cio- Let aik be the shortest closed curve in 
the split metric on St (i.e. in the pseudometric obtained by electrocuting annular 
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intersections of splitting Margulis tubes with the spht level surface Sk) homotopic 
in E to CTj = (Tio- Let Ai = IJj, C M be the union of the disk Di and the 
quasi-annulus lj;,crifc- Then any lift Ai of Ai to M is isometric to Ai as Di is 
homotopically trivial and Uik are all freely homotopic to ai = aio = dDi. 

We want to show that Ai are quasiconvex in {Mjdc) which is hyperbolic by 
Proposition 13.71 

qi Rays 

Fix a a and the disk D it bounds. Let A = -Dljj. (Tk C M, where cr/c C Sk- Lift 

IJj. (7k to the universal cover E of E such that any lift (Tfe lies in the universal cover 

Sk of Sk (We are using this notation to distinguish from lifts to M). Let Afc be any 
such lift (Tfe. We then have the following from j28) . 

Lemma 3.8. [28] There exists C > such that for Xk G A^. there exists Xk-i G Xk~i 
with do(xk,Xk-i) < C. Similarly there exists Xk+i G Afc+i with dcixk^Xk+i) < C. 
Also, for all k there exists B{k) such that for all Xk G A^ there exists Xk-i G 
Xk~i with dAiixki Xk^i) < B{k). Hence, for all n and x G A„, there exists a 
C -quasigeodesic ray r such that rik) £ Xk C Cx for all k and r{n) — x. 

Further, by construction of split blocks, dcixi, S'i-i) = 1. Therefore inductively, 
dc{xi,Sj) = |i — j\. Hence dcixi^Xj) > \i — j\. By construction, dc{xi,Xj) < 
C\^~J\. 

Hence, given p ^ Xi the sequence of points x„, n e N U {0} with Xi = p gives by 
Lemma [3.81 above, a quasigeodesic in the dc-metric. Such quasigeodesics shall be 
referred to as da -quasigeodesic rays. 

After projecting E to M \ H we have the following conclusion. 

Lemma 3.9. There exists C > such that for all k there exists Bk satisfying the 
following: 

Forallxik G aik there exists Xi^k-i G ai,k-i with dcixik, Xi^k-i) < C and d{xik,Xi^k-i 
Bk- 

The following Corollary will turn out to be quite useful. 

Corollary 3.10. There exists C > such that for all k and all Xik G Uik there 
existsjj G cTio and a sequence of points p = Xik, • • • , Xio = q which is a quasigeodesic 
in (M, dc). 

Proof. By construction of split blocks, dcixik, Sk-i) = 1- 

Hence, given p G cTik the sequence of points p — Xik, ■ • • , XiQ gives by Lemma 
above, a quasigeodesic in the dc-metric lying entirely on Ai joining p to a point 
g G A. □ 

We can choose a point Zi G Di (quite arbitrarily) and extend any quasigeodesic 
constructed as above by adding on a path from q to Zi lying entirely in Di and 
having uniformly bounded length (This can be done easily as Di has bounded 
diameter. ) 

Proposition 3.11. There exists Cq > such that each Aj is Co-quasiconvex in 

{M,dG). 

Proof: By Lemma [5?^ and CoroUarv 13. 101 above, it follows that there exist K > 1 
such that for any two points pi,P2 in Aj there exist K- quasi-geodesics 71, 72 to Zj. 
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By Proposition 13.71 we also have that [M^dc) is hyperbohc. Hence any geodesic 
ai {i = 1,2) joining pi to zj lies in some Ki neighborhood of ji. Further, by 
hypcrboUcity of (Af , ^0)1 wc conclude that a geodesic /3 joining pi,p2 lies in a K2- 
ncighborhood of ai U a2- Hence, finally, /3 lies in a {Ki + K2) neighborhood of 
71 U 72 C Aj. Choosing Co = A'l + K2, wc are through. □ 

The quasidisks constructed above have the following property. 

Lemma 3.12. Let M be a model manifold of split geometry. Let Q he a Scott core 
of M and {-D;} a maximal collection of compressing disks in Q. Then there exists 
a function : N — > N satisfying Q{n) -^00 as 71 —s- 00 such that for all a ^ Q the 
following holds. 

Let D be a lift of one of the Di 's to M and let A be the quasidisk in AI constructed 
from D as above. 

Then dM{D,o) > n implies that dM{A,o) > &{n). 

Proof. By Lemma 13.91 and Corollary 13.101 there exists 61, • • • , • • • and z E D 
such that for all Xk G ak C A, d^iixk^z) < {bi + ■ ■ ■ + bk) = Cfe(say). Hence 
dj\/(a;fc,0) > (n - Cfc). 

By uniform ep-separatedness of split surfaces, dM(a;fc, 0) > fceg. Hence c?A/(xfc, 0) > 
max{{n — Ck), ke^). Choosing 0(n) to be the largest value of k such that fceg < n^cu 
we are done. □ 

3.4. Reduction Lemma and Admissible Paths. Before we get into the proof 
of the existence of Cannon- Thurston maps, we recall some material from Section 6 
of [28] that will help streamline the proof. 

The next Lemma allows us to apply the criterion for existence of Cannon- 
Thurston maps in Lemmas ll.10b .nd 11.111 to electro- ambient quasigeodesics in M 
rather than hyperbolic geodesies in N . Lemma 13.131 below is a paraphrasing of 
what Lemmas 6.8 and 6.9 of [28] prove. 

Lemma 3.13. |28j Let N be the convex core of a complete hyperbolic i— manifold 
minus a neighborhood of the cusps. Equip each degenerate end with a split ge- 
ometry structure such that each split component is incompressible. Let M be the 
resulting model of split geometry and F : N ^ M be the bi-Lipschitz homeomor- 
phism between the two. Let F be a lift of F to the universal covers. Then for all 
Co > 0, and E N there exists a function : N — )■ N satisfying Q(n) 00 as 
n — > 00 such that the following holds. 

For any a,b € N C N'^ , let A'' be the hyperbolic geodesic in N^'- joining them and let 
^thick ~ nN. Similarly let (5^^ be an electro- ambient Cq^ quasigeodesic without 
backtracking in AI C £{M,JC') joining F{a), F{b). Let Pea = I^L \ dM be the part 
of Pea ^V^'^T'd away from the (bi-Lipschitz) horospherical boundary of M . 
Then dM{Pea,F{o)) > n implies that c^h^ ('^{ft.icfc' "-') — 

Combining Lemma 13.131 with Lemma 12.131 we have the following. 

Corollary 3.14. Let N be the convex core of a complete hyperbolic 3^manifold N^'' 
minus a neighborhood of the cusps. Equip each degenerate end with a split geometry 
structure such that each split component is incompressible. Let M be the resulting 
model of split geometry and F : N ^ M be the bi-Lipschitz homeomorphism between 
the two. Let F be a lift of F to the universal covers. Then for all Co > 0, and 
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o G N there exists a function Q :N satisfying Q{n) oo as n ^ oo such that 
the following holds. 

For any a,b £ N C N^, let be the hyperbolic geodesic in N'^ joining them and let 
^thick ~ n A^. Similarly let jS^^ be an electro- ambient Cq — quasigeodesic without 
backtracking in M C £{M,)C\JTi) joining F{a), F{b). Let Pea = Pea \9M be the 
part of Pea lying away from the (bi-Lipschitz) horospherical boundary of M . 
Then dM{Pea, F{o)) > n implies that cZh^ ('^{/licfc' — 

Again, combining Lemma 13.131 with Lemma 13.121 we have the following. 

Corollary 3.15. Let N be the convex core of a complete hyperbolic 3— manifold 
minus a neighborhood of the cusps. Equip each degenerate end with a split geometry 
structure such that each split component is incompressible. Let M be the resulting 
model of split geometry and F : N ^ M be the bi-Lipschitz homeomorphism between 
the two. Let F be a lift of F to the universal covers. Let Q be a Scott core of N and 
{Di} a maximal collection of compressing disks in Q. Then there exists a function 
: N — > N satisfying Q{n) — > oo as n —> oo such that for all a £ Q the following 
holds. 

Let D be a lift of one of the Di 's to M and let A be the quasidisk in M constructed 
from D as above. For any a,b G A, let [a,b]h be the hyperbolic geodesic in 
joining F~^{a), F~^{b) and let [a, b] = [a, b]h H N . 

Then d]\{{D, F{o)) > n implies that ([a, 6], o) > Q{n). 

Proof. By Lemma 13.121 there exists z G D, a. function 9o : N — ?> N satisfying 
0o(n) — > oo as n ^ oo and electro-ambient quasigeodesics Pa,Pb in [M^da) such 
that dM{D,F{o)) > n implies that duiPa U Pb,F{o)) > Qoin). 

Let [a, z]h, [b, z]h be the hyperbolic geodesic in N joining F~^{a),F^^{b) respec- 
tively to F-i(z) and let [a, z] = [a, z]h n N, [b, z] = [b, z]h n N. 

Then by Lemma [3.131 there exists a function 0i : N N satisfying 8i(n) oo 
as 71 —> CO such that dM{D, F(o)) > n implies that diia{[a,z] U [b,z],o) > Qi{n). 

Let (5 > be such that all geodesic triangles in H'^ are 5— thin. Taking Q{n) = 
&i{n) — S, it follows that dMiD, F{o)) > n implies that ([a, 6], o) > Q{n). □ 

Admissible Quasigeodesics 

We shall need a collection of paths consisting of horizontal and vertical segments 
approximating electro-ambient quasigeodesics. We shall call these admissible quasi- 
geodesics. Let M be a model manifold each of whose ends is equipped with a split 
geometry structure such that all split components are incompressible. Recall that 
each thick block and each split block in M is homeomorphic to a product S| x /. We 
fix such a product structure for each block. Let ti = sup{length{{x} x I) : x £ Sf } 
be the thickness of the i— th block. 

Recall that F : N ^ M is a bi-Lipschitz homeomorphism from a hyperbolic 
manifold N (minus cusps) to M and let F denote its lift to the universal cover. 

An elementary admissible path in M is one of the following: 

(1) A 'horizontal' geodesic in the intrinsic path metric on some lift E| of a split 
surface to M. 

(2) A 'vertical' path of the form x x I (with respect to the fixed product struc- 
ture above) in the lift to M of cither a thick block or a split block. 
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Let Bi be a thick block of M and let S'f , S^_^_i be its horizontal boundary compo- 
nents. Recall that a product structure Bi ^ S x I has been fixed. Let /i = [a, b] be 
a geodesic in i?^ C M such that its end-points a, b lie on the horizontal boundary 
components. Let denote the projection of /i onto the horizontal boundary 

component ( Sf or Sf^^) containing a. If b belongs to the same horizontal bound- 
ary component as a, define ^adm = P{p)- Else define ^adm = -P(m) U {&} x /, 
where {&} x J is the elementary vertical path through b. fiadm will be called the 
admissible quasigeodesic corresponding to n in the thick block Bi. 

Let B denote the collection of thick blocks. 

Definition 3.16. An admissible quasigeodesic (3adm in M corresponding to an 
electro- ambient Cq — quasigeodesic Pea without backtracking in M C £{M, K, [J Ti) is 
a path such that PadmCl (M\Uk6a; ^UlJsee B) = /3ea n (M MJ^eK KUUseB B)- 
Further, for each K , j3adm C\ K is a union of elementary admissible paths with 
disjoint interiors such that 

(1) Padrn H K has at most one vertical path of type (2) above. 

(2) for any connected horizontal boundary component Eg of K , /3 n Sq has at 
most one 'horizontal' geodesic of type (1) above. 

Finally for each B ^ B, (3adm C\ B is the admissible quasigeodesic corresponding 
to Pea nB in B. 

The next Lemma allows us to apply the criterion for existence of Cannon- 
Thurston maps in Lemma 11.101 to admissible quasigeodesics in M rather than 
electro-ambient quasigeodesics in M. The proof of Lemma 13.171 is exactly like 
Lemma 6.5 of [28] and we omit it here (see also the proof of Lemma [2.131 above) . 

Lemma 3.17. [281 Let N be the convex core of a complete hyperbolic S^-manifold 
N''' minus a neighborhood of the cusps. Equip each degenerate end with a split ge- 
ometry structure such that each split component is incompressible. Let M be the 
resulting model of split geometry. Then for all Cq > 0, and a G M there exists a 
function Q : N N satisfying Q{n) — >■ cxd as n oo such that the following holds. 
For any a,b € M, let be an electro- ambient Cq — quasigeodesic without back- 
tracking in M joining a, b. Let Pea = Pea \ P'^''^ '^f Pea ^yii^d away from 
the (bi-Lipschitz) horospherical boundary of M. Again, let /S^^^^ be the admissible 
quasigeodesic corresponding to P^^ and let Padm — Padm \ ^-^'^ part of P^^^,^ 
lying away from the (bi-Lipschitz) horospherical boundary of M . 

Then du {Pea, o) > n implies that dM {Padm, o) > &{n). Conversely, dM{Padm,,o) > 
n implies that dM{Pea,o) > Q{n). 

3.5. Cannon-Thurston Maps for Free Groups. We identify H with its bi- 
Lipschitz image in M under the bi-Lipschitz homeomorphism F : N M from the 
hyperbolic manifold N to the model manifold M. 

We now want to show that if A = [a, b] is a geodesic in the intrinsic metric on 
H joining a,b ^ H, and lying outside a large ball about a fixed reference point 
p £ H C M, then the (bi-Lipschitz) hyperbolic geodesic Xh joining a,b G M also 
lies outside a large ball about p in M. This would guarantee the existence of a 
Cannon-Thurston Map by Lemma [1.101 
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To fix notation, let F be a free Kleinian group without parabolics. Let M = 
H'^/G and H a compact (Scott) core of M . H with its intrinsic metric is quasi- 
isometric to the Cayley graph Tp and so its intrinsic boundary may be identified 
with the Cantor set dF thought of as the Gromov boundary of Fj;- . Let H and M 
denote the compactifications by adjoining dF and the limit set Kp to H and M 
respectively. 

Theorem 3.18. Cannon-Thurston for Free Groups The inclusion i : H ^ M 
extends continuously to a map i : H ^ M . 

Proof. Let p G -ff be a base-point, and A = [a, b\ be a geodesic in the intrinsic 
metric on H and be the (bi-Lipschitz) hyperbolic geodesic joining its end-points 
in M . By Lemma [1.101 it suffices to show that if A lies outside a large ball about p 
in if, then \h lies outside a large ball about p in M. 

Suppose that A lies outside an n-ball about p in H, i.e. d^{X,p) > n. Let 
{Di} be a finite collection of compressing disks in H such that each component of 
dH \ U - dDi is a pair of pants. 

Since each (lift of) Di separates H and since A lies outside a large ball about 
p in H, we conclude that there exists such a lift D lying outside an m = m{n)- 
ball about p in H and that A lies in the component oi H \ D not containing p, 
where m{n) oo as n — s- oo. Let A = D\^^<Ji be the quasidisk containing D 
constructed in Section 13.31 where ai is a closed curve on the lift of the i— th 
split surface Sf to M. Also, let Sf \ Ef^ U Ef _ where I],f_^, Ef _ arc the two 
components of E| \ai. Similarly, \ei H \ D = H+ U where Eo_|_ C dH+ and 
Eg_ C dH^. Assume without loss of generality that A C i?+ and p G H^. Let 
M+= H+\J Ui £f + and M- ^ H+iJ [j^ Ef _. Also let Mh ^{j,^ be the union 
of all the horizontal split surfaces lifted to M . 

Let a be an electro-ambient quasigeodesic joining the end-points of A in M and 
/? be an admissible quasigeodesic corresponding to a. 

Since (3 is admissible, it consists of horizontal and vertical pieces. Two cases 
arise: _ _ 

a) /3 n Mh C M+ 

b) /3 n M+ n M_ ^ 0. 

Roughly speaking Cases (a) and (b) correspond respectively to the cases where 
/3 does not or docs intersect A coarsely. 
Case a: ^ n Mr C M+ 

By Corollary 13.141 and Lemma 13.171 it suffices to show that there exists a function 
: N — !• N satisfying 0(n) — oo as n — oo such that the following holds. 

dff{X,p) >n implies that dMWadm,p) > &in). 

The existence of such a function 8 : N — ?> N follows exactly as in Lemma 13.121 
Case b: /3 n M+ n M_ 7^ 

We shall say that (3 crosses A at a; if either x G f3 Ci A, or ii there exists a vertical 
elementary admissible subpath xx I C f3, such that either (x, 0) G M+ and {x, 1) G 
M_ or (x, 1) G Mf and (a;,0) G A/-. 

Let r,q be the first and last points at which /3 crosses A. Let f3ar,l3qb be the 
subpaths of /? joining a, r and b, q respectively. Then again, as in Case (a) above, 
there exists a function 8 : N — > N satisfying 8(n) — > 00 as ri 00 such that 
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d^{X,p) > n implies that dhiiPar LI f3qb,p) > 6(71). Hence by Corollary 13.141 and 
Lenima [3.17l it follows that there exists a function 82 : N — > N satisfying 02 (n) — !■ 00 
as n — )• cxD such that d^{X,p) > n implies that d^iifJ-ar U fJ-qb^p) > ©2(^1), where 
fiar (resp. fiqb) are the (bi-Lipschitz) hyperbolic geodesies in M joining a, r and &, q 
respectively. 

li r,q G A, then by Corollarv l3.151 there exists a function 83 : N — > N satisfying 
03(n) — 00 as ri — 00 such that dj^{X,p) > n implies that dMilJ-rq^p) > ^^(n), 
where /i^-g is the (bi-Lipschitz) hyperbolic geodesic in M joining r and q. Hence by 
(5— hyperbolicity of Af , dMifJ-ab,?) > min{Q2{n), — 26 and we are done. 

Else, let r £ Sf and 9 G Sj. There exist C{m),m G N such that duir, A) < Cii) 
and dM{q, A) < C{j). Choose ri, gi in di, aj respectively such that dM{r, ri) < C{i) 
and dM{q,qi) < C{j). 

Then, again as in the proof of Lemma 13.121 there exists a function 64 : N — ?> N 
satisfying 84(71) — > cx) as n — 00 such that dMifJ-riqnP) > 84(71), where ^inqi is the 
(bi-Lipschitz) hyperbolic geodesic in M joining ri and qi. Hence by 5— hyperbolicity 
of M again, dM{lJ-ab,p) > 771171(82(71), 84(71)) — 26 and we are through. □ 

3.6. Finitely Generated Kleinian Groups. In this subsection, we indicate the 
modifications necessary in the previous subsection to prove the analogous theorem 
for finitely generated Kleinian groups. 

Let Ngf denote the augmented Scott core of iV'' = H^/G. Let i : Ngf iV'' 
be the natural inclusion map. Ngf can be naturally identified with the convex core 
of a geometrically finite manifold including into N'^ as a type-preserving homotopy 
equivalence. Let H be Ngf with open neighborhoods of cusps removed. Let N be 
N''' with open neighborhoods of cusps removed. Then H is strongly hyperbolic rel- 
ative to its horospheres and N is strongly hyperbolic relative to its horospheres. Let 
H and N denote their relative hyperbolic compactifications. Note that H = Ngf, 
where Ngf is the Gromov compactification of the hyperbolic space Ngf. Similarly, 
N = N'^, where N^ is the Gromov compactification of the hyperbolic space N^. 
Let^: H ^ N indicate the lift of i. Let M denote the model manifold for N and 
let M denote the relative hyperbolic compactification of M . We identify H with 
its bi-Lipschitz image in M under the bi-Lipschitz homeomorphism F : N M . 
Let da be the graph metric on M equipped with a split geometry structure where 
all split components are incompressible. 

First, suppose that H has incompressible boundary as a pared manifold. Then 
Theorem 1 1 . 1 31 shows that a Cannon- Thurston map exists ioi i : H M . The point 
pre- image description is also furnished by Theorem 1 1.1 31 

Else H may be decomposed as the disk-connected sum of i^i, H2 ■ ■ ■ Hm+i for 
manifolds Hi where at most one of the HiS is a handlebody without any parabolics 
(taken to be Hi without loss of generality) and the rest are pared manifolds with 
incompressible boundary. If one of the HiS (say Hi) is a handlebody, then we 
choose a maximal collection of disjoint non-separating compressing disks in Hi 
whose complement in Hi is a ball. Let Di,i = 1 • • • 771 denote all the compressing 
disks thus obtained. Since tti > 1, there is at least one compressing disk. 

Theorem 3.19. Cannon-Thurston for Kleinian Groups Let H, M, N, Ngf,N^ 
be as above. The inclusion i : H ^ M extends continuously to a map i : H ^ M 
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between the relative hyperbolic compactifications. Equivalently, i : Ngf — > ex- 
tends continuously to a map i : Ngf — )■ between the hyperbolic compactifications. 

Proof: From Propositions 13.41 13.71 and 13. Ill we can construct quasidisks Ai corre- 
sponding to Dj as before and lift them to M (after partially electrocuting Z-cusps 
if any). 

Now, let A be a geodesic segment in H lying outside a large ball Bn{p) for a 
fixed reference point p. X may be decomposed into (at most) three pieces A_, Aq 
and A-i- as follows. 

(1) The middle piece Aq does not intersect any of the (lifts of the) compressing 
disks Di in the interior. (We thus allow for the cases where A_ and/or A_|- 
are empty.) 

(2) the common end-point A_ n Aq lies on some Di. The same is demanded of 
AonA+. 

(3) the point q on A nearest to p lies on Aq 
Two cases arise. 

Case A: For a sequence of A's lying outside larger and larger balls Bn{p) about 
p, the last disk Di that [p, q] intersects lies outside large balls Bm{p) where m — > oo 
as n ^> cxo. This is exactly the case as in the proof of Theorem 13.181 The same 
proof goes through by Corollary 13.151 

Case B: There is (up to subsequencing) a fixed disk Di that is the last disk that 
[p, q] intersects. Since Di is of uniformly bounded diameter, we may shift our base 
point to a point p' in the component Hi which is the lift of Hi 'on the other side of 
Di^ i.e. having Di on its boundary but not containing p. In this case, there exists 
a fixed no such that A lies outside i3(n-rio)(p')- By shifting origin, we rewrite p' as 
p and (n — no) as n. 

Step 1: Now, Ao C Hi C H as it does not meet any disk Di in its interior. Since Hi 
is either a handlebody without parabolics, or a pared manifold with incompressible 
boundary, then by Theorem l3.18l or Theorem 1 1 . 1 31 respectively, a Cannon-Thurston 
map exists for the inclusion Hi C M. By (the necessity part of) Lemma Tl . 101 and 
Lemma ri.lli it follows that the hyperbolic geodesic Ao/t joining the end-points of 
Ao in N'^ lies outside a large ball about p. Thus, there exists mi(n) — ;> cxd as n ^> oo 
such that Ao/i lies outside a ball of radius mi(n) about p in iV''. 
Step 2: If A+ (or A_) is non-empty, then A_ (or A+) is separated fromp by a disk 
Di C H lying outside Bn{p). 

Recall that M is a bi-Lipschitz model for N, which in trun is iV'' with cusps 
removed. Also recall that da is the graph metric on M. Then the quasidisk Ai is 
quasiconvex in (M, do) and lies outside a large ball of radius m2(n) about p, where 
m2(n) — > oo as n — !► oo. Again, by constructing admissible paths and electro- 
ambient quasigeodesics as in the proof of Theorem I3.18[ we obtain a new function 
m3(n) such that m3(n) — > oo as n — >■ cxd and so that the hyperbolic geodesies A_;i 
or A+zi lie outside a ball of radius m3{N) about p in A^'*. 

Step 3: Therefore A_/tUAo/tUA+/i lies outside a ball of radius m4(n) = min{mi(n), m3( 
Finally, since N'^ is hyperbolic, the hyperbolic geodesic Xh joining the end-points 
of A lies outside a ball of radius m(n) = rn4(n) — 26 about p. Also, m{n) — > oo as 
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71 — > CX3. Therefore, by Lemma [1.101 or IT. 1 11 it follows that the inclusion i : H ^ M 
extends continuously to a map i : H M or equivalently that i : Ngf — >■ N''- 
extends continuously to a map i : Ngf — !> N^. This concludes the proof. □ 

Let Gf denote the Floyd compactification of a group G (See [E]). McMullen 
conjectured in [52] that there exists a continuous extension of i : Tq — > M to a 
map from Gf to M. It was shown by Floyd in [13] that there is a continuous map 
from Gf io H. Combining this with Theorem 13. 191 above for Kleinian groups with 
parabolics, we get a proof of the following. 

Theorem 3.20. For any finitely generated Kleinian group G and M ~ H'^/G, 
there is a continuous extension i : Gf ^ M . 

4. Point pre-images of the Cannon-Thurston Map 

In this section, we determine the pre-images of points under the Cannon-Thurston 
map for degenerate free Kleinian groups G. The results are extended to arbitrary 
finitely generated Kleinian groups. We shall not have need to distinguish between 
the hyperbolic manifold and its bi-Lipschitz model any longer and will denote the 
manifold by M. 

We set up some notation for the purposes of this section. Let G be a free 
degenerate Kleinian group without parabolics. Suppose that G is not geometrically 
finite. Let M = H^/G be the quotient manifold. Note that the limit set of G is all 
of the sphere at infinity. Hence M is its own convex core. Let H he a. compact core 
of M. iJ is a handlebody whose inclusion into M induces a homotopy equivalence. 
In fact, M deformation retracts onto H. Then H is embedded in M = M.^. Let 
r denote the Cayley graph of G with respect to some finite generating set of G. 
Assume that F is embedded in H. Let S denote the boundary surface of H. We 
assume that the ending lamination Ael is a geodesic lamination on S equipped 
with some (any) hyperbolic metric. This is well-defined up to Dehn twists along 
simple closed curves in S that bound disks in H. To avoid this ambiguity we 
will refer to the ending lamination in the Masur domain as A^elh- M \ Int{H) is 
homeomorphic to 5 x [0, oo) and is bi-Lipschitz homeomorphic to an end Ms of a 
simply degenerate hyperbolic manifold without accidental parabolics [4] [5]. Thus 
S X [0, oo) C N equipped with its intrinsic path metric is bi-lipschitz homeomorphic 
to A/5. We shall have need to pass interchangeably between these two below. 

4.1. EL leaves are CT leaves. Let i : H ^ M denote the inclusion. Let di 
denote the continuous extension of i to the boundary in Theorem 13. 181 Note that 
the inclusion of F into H with its intrinsic metric is a quasi-isometry. So we might 
as well replace the inclusion of F into N by that of H into N . We shall show 
that point pre-images under di correspond to end-points of leaves of an ending 
lamination in the Masur domain. 

The inclusion of S into H as its boundary induces a surjection of fundamental 
groups with infinitely generated kernel N . Let Sm denote the cover of S corre- 
sponding to N. Then Sn C H cM. 

To distinguish between the ending lamination Aelh (in the Masur domain) and 
bi-infinite geodesies whose end-points are identified by 9i, we make the following 
definition. 
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Definition 4.1. A CT leaf Act is a bi-infinite geodesic whose end-points are 
identified by di. 

An EL leaf Xel is a bi-infinite geodesic whose end-points are ideal boundary points 
of either a leaf of the ending lamination, or a complementary ideal polygon. 

Wc shall show that 

• An EL leaf is an CT leaf. 

• A CT leaf is an EL leafi 

Proposition 4.2. EL is CT Let G be a free degenerate Kleinian group without 
parabolics. Let u,v be either ideal end-points of a leaf of an ending lamination of 
G, or ideal boundary points of a complementary ideal polygon. Then di{u) = di{v). 

Proof: This is almost identical to Proposition 2.1 of [29]. However, since the 
setup is somewhat different we include a proof. Take a sequence of short geodesies 
Si_ exiting the end. Let ai_ be geodesies in the intrinsic metric on the boundary S (of 
H) freely homotopic to Si_. By topological tameness [1] [M] and geometric tameness 
( [57] Ch. 9) we may assume further that a^'s are simple closed curves on S. Join Oi 
to Si by the shortest geodesic in 5 x [0, oo) connecting the two curves. Then the 
collection Oi may be chosen to converge to the ending lamination on S ( [37] Ch. 

9). Also, in Sn C H C M, we obtain segments Oi C S which are finite segments 

whose end-points arc identified by the covering map P : S x [0, oo) S x [0, oo). 
We also assume that P is injective restricted to the interior of a^'s mapping to a^. 
Similarly there exist segments Si C M which arc finite segments whose end-points 
arc identified by the covering map P : M M . Wc also assume that P is injective 
restricted to the interior of s^'s. The finite segments s; and arc chosen in such 
a way that there exist lifts ti^, t2i, joining end-points of ai to corresponding end- 
points of Si . The union of these four pieces looks like a trapezium (see below, where 
we have omitted subscripts for convenience). 




Figure: Trapezium 

Next, given any leaf A of the ending lamination, we may choose translates of 
the finite segments (under the action of 'Ki{H)) appropriately, such that they 
converge to A in Sn. For each a,;, let 

&j = tu O Sj o t^j^ 

where f^i denotes t2i with orientation reversed. If the translates of we are 
considering have end-points lying outside large balls around a fixed reference point 
p G Sn, it is easy to check that biS lie outside large balls about p in M. Since H'^ 
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is (5-hyperbolic for some (5 > 0, it follows that the geodesic joining the end-points of 
bi (and hence ai which has the same end-points) lies in a 26— neighborhood of bi. 

At this stage we invoke the existence theorem for Cannon-Thurston maps, The- 
orem [3?lll Since a^'s converge to A and the hyperbolic geodesies joining the end- 
points of Qi exit all compact sets, it follows that di{u) — di{v), where u,v denote 
the boundary points of A. The Proposition follows. □ 

Any finitely generated Kleinian group is geometrically tame ([1] [M] [37] Ch. 
9) and has finitely many ends. Observe that the proof of the above Proposition 
used the freeness of G only at the stage of applying Theorem l3.18l The same proof 
goes through verbatim for freely decomposable Kleinian groups with degenerate 
ends. The only modification to the above proof is that we consider one end of the 
manifold M at a time (and the pigeon-hole principle) along with Theorem 13.191 in 
place of Theorem 13.181 to obtain the following Proposition. 

Proposition 4.3. EL is CT - General Case Let G be a finitely generated freely 
decomposable Kleinian group. Let u, v be either ideal end-points of a leaf of an 
ending lamination of G, or ideal boundary points of a complementary ideal polygon. 
Then di(u) = di{v). 

4.2. CT leaves are EL leaves. As usual we deal first with free degenerate groups 
without parabolics. We restate Theorem 11.131 in a form that we shall use. Recall 
that M\Int{H) is homeomorphic to 5 x [0, oo) and is bi-Lipschitz homeomorphic to 
an end Ms of a simply degenerate hyperbolic manifold without accidental parabolics 
[4] [5]. Hence by Theorem 1 1 . 1 31 we have the following. 

Theorem 4.4. [29j Let S, AIs be as above. Then the inclusion j : S Ms extends 
continuously to the boundary. Further, pre-images of points on the boundary are 
precisely ideal boundary points of a leaf of the ending lamination Aels of Ms, 
or ideal boundary points of a complementary ideal polygon whenever the Cannon- 
Thurston map is not one-to-one. 

We identify the Cayley graph F of the free group with a subset oi H C M, viz. 
the orbit of a base-point joined by edges. The next Thorem is one of the main 
Theorems of this paper. 

Theorem 4.5. Let G be a free degenerate free Kleinian group without parabolics. 
Let i : Tq — > H"^ be the natural identification of a Cayley graph of G with the orbit of 
a point in . Then i extends continuously to a map i : Tq — )■ V)^ , where Tq denotes 
the (Gromov) hyperbolic compactification ofTa- Let di denote the restriction of i 
to the boundary dVc of Tq ■ 

Then di{a) ~ di{b) for a ^ b ^ dV iff a,b are either ideal end-points of a leaf 
of an ending lamination of G, or ideal boundary points of a complementary ideal 
polygon. 

Proof. By Theorem 13.181 the inclusion i : T ^ M extends continuously to a map 
between the Gromov compactifications i : P D'^. Let di denote the values of the 
above continuous extension to the boundary. Suppose di{a) = di{b). Ael is the 
ending lamination of M regarded as a subset of 5". Let Aelg denote Ael lifted to 
Sq = dH, which is a cover of S. We want to show that a, b are the end-points of 
a leaf of Aelg- Suppose (a,6)r is the bi-infinite geodesic from a to 5 in P C M. 
Assume without loss of generality that (a, b) passes through 1 e P. Let Ok ^ a 
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and bk — > b. Let akbk denote the geodesic in M joining ak,bk- By continuity of 
the Cannon-Thurston map fTheorem l3.18p there exists N{k) — > cxd as fc oo such 
that Qkbk Hes outside an N{k) ball about 1 G F C M, where radius is measured in 
the hyperbolic metric on M . Isotoping Ukbk slightly, we can assume without loss of 
generality that it meets T C M only at its end-points (since F is one dimensional). 
We can further isotope a^bk rel. endpoints by a bounded amount (depending on 
the Hausdorff distance between H and F C H) such that a^bk H So = {ck,dk}- 

1) there exist Ck,dk ^ Sg = dH with d{ak,Ck) and d{bk,dk) uniformly bounded 
(independent of k) 

2) if Cfedfc denotes the subpath of akbk between Ck,dk then (modifying N{k) by an 
additive constant if necessary) Ckdk lies outside an N{k) ball about 1 G F C M. 

3) Ckdk intersects H only at the endpoints Ck,dk- 



Thus akbk is a concatenation of three pieces, akCk, Ckdk, dkbk, where akCk and 
dkbk are uniformly bounded in length and lie in H, whereas Ckdk lies in M\Int{H). 

Let [ck,dk]sG denote the geodesic in the intrinsic metric on Sg which is homo- 
topic (rel. endpoints) to Ckdk in M\Int{H). Since G is free, we can assume that its 
Cayley graph is a tree and (since H is quasi- isometric to F) [cfe, dkjsc passes through 
a point Ok G at a uniformly bounded neighborhood of 1. Lift \ck, dk]sG to some 
geodesic {ck,dk] C S C Ms in the intrinsic metric on S. Further assume that there 
exists some fixed o £ S such that the corresponding lift o'/^ of Ok lies in a uniformly 
bounded neighborhood of o. Let {ckdk)sG denote the corresponding lift of Ckdk 
having the same endpoints as [cfc, dk]sG (such a choice is possible as [ck, dk]sG and 
Ckdk are homotopic rel. endpoints in the complement of Int{H) in M). It follows 
that {ckdk)sG li^s outside an A^(fc)-ball about oj^ in Ms- Hence (modifying N{k) by 
a further additive constant if necessary), {ckdk)sG li'^s outside an N(k)-hall about 
o G Ms- Therefore, by the existence of Cannon-Thurston maps for j : S ^ Ms 
(Theorem 14. 4[) it follows that if [Coodoo ]sg denotes any subsequential limit of the 
segments [ck,dk]sG then dj(cao) = dj{doo) and hence again by Theorem 14.41 

Coo, doc are end-points of leaves of the ending lamination Aels of 5 C Ms- Finally, 
since {coc , doo ) are bi-infinite geodesies passing through a bounded neighborhood of 
o, they project to leaves oi Aelg in Sg- These leaves are also well-defined as leaves 
of the ending lamination Aelh as leaves of the ending lamination of M regarded as 
an element of the Masur domain. We have thus finally shown that Act C Aelh- 
Combining this with Proposition 14. 21 and Theorem 13. 181 we have the Theorem. □ 

Note that in the proof of Theorem 14.51 we have used freeness of G to conclude 
only two things: 

1) The manifold M has exactly one end. 

2) The path A in H can be isotopcd off the Cayley graph of G embedded in H. 

To prove an analogue of Theorem 14.51 for arbitrary finitely generated Kleinian 
groups we continue with the notation that M is a hyperbolic manifold with aug- 
mented Scott core H. Then M has finitely many ends. We first note, that if 
A = (aoo, boo) is a CT leaf then there exist a„ — > Coo and &„ boo such that the 
geodesic realizations ^„ of [a„,6„] in M leave arbitrarily large compact sets. We 
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may assume that M \ H consists of lifts of the ends of M to M. If /i„ intersects 
more than one such hft, it follows that there will be a subsegment Vn of /i„ such 
that 

1) Vn is contained entirely in one of these lifts of the ends 

2) Endpoints c„, (i„ of Vn lie on H 

3) Cn aoo and d„ 6oo 

We may therefore assume without loss of generality that /x„ lies in precisely one 
of the lifts of the ends E oi M. U S'^ = H r\ E he its boundary then the end- 
ing lamination lies in the boundary of the (relatively) hyperbolic group j*(7ri(S''')) 
(hyperbolic relative to the cusp groups if any), where j : S'^ ^ M is inclusion. 

Fact (2) now goes through for arbitrary finitely generated Kleinian groups, as 
the inclusion of the augmented Scott core into M is a homotopy equivalence (in 
fact a deformation retract) and we are only interested in leaves which are limits of 
segments whose geodesic realizations lie inside the lift of a fixed end. 

With this modification, and with Theorem 13.191 in place, the proof of Theorem 
14.51 goes through for arbitrary finitely generated Kleinian groups. However, since 
we have to pick one end of the manifold at a time, the statement is a bit more 
involved. 

Theorem 4.6. Let G be a finitely generated Kleinian group. Let i : Tq — > H"^ be 

the natural identification of a Cayley graph of G with the orbit of a point in H'^. 
Then i extends continuously to a map i : Vq — !■ D""*, where Tq denotes the (relative) 
hyperbolic compactiflcation ofTc. Let di denote the restriction of i to the boundary 
OTg ofTa- ^ _ 

Let E be a degenerate end of N'^ = H^/G and E a lift of E to and let Mgj 
be an augmented Scott core of N^' . Then the ending lamination Ce for the end 
E lifts to a lamination on Mgf Cl E. Each such lift L of the ending lamination 
of a degenerate end defines a relation TZc on the (Gromov) Hyperbolic boundary 
dMgf (equal to the relative hyperbolic boundary OTq ofTc), given by oR-cb iff a,b 
are end-points of a leaf of C Let {TZi^i be the entire collection of relations on 
dMgf obtained this way. Let TZ be the transitive closure of the union {J^Ti-i. Then 
di{a)^di{b) iffaUh. 

5. Applications and Extensions 

In this section we shall first mention a couple of applications of the main The- 
orems of this paper. Finally we indicate an extension of the Sullivan-McMullen 
dictionary between complex dynamics and Kleinian groups. 

5.1. Primitive Stable Representations. In [21] Minsky introduced and studied 
primitive stable representations, an open set of PSl2{C) characters of a nonabelian 
free group, on which the action of the outer automorphism group is properly dis- 
continuous, and which is strictly larger than the set of discrete, faithful convex- 
cocompact (i.e. Schottky) characters. 

In 121] Minsky also conjectured that 
A discrete faithful representation of F is primitive-stable if and only if every com- 
ponent of the ending lamination is blocking. 

Using the structure of the Cannon- Thurston map for handlebody groups, Jeon 
and Kim [17j have made considerable progress towards this conjecture. The con- 
nection between the Cannon-Thurston map for handlebody groups and primitive 
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stable representations was indicated to the author by Yair Minsky in a personal 
communication. 

We briefly sketch Jeon and Kim's argument for a degenerate free Kleinian group 
without parabolics. Let F be a free group of rank n. An element of F is called 
primitive if it is an element of a free generating set. Let V denote the set of bi- 
infinite paths w* obtained by iterating cyclically reduced primitive elements. A 
representation^ : F — > PShiC) is primitive stable if it maps elements of V to 
uniform quasigeodesics in H'^. 

Let {Di, • • • , Dk} = A be a system of disjoint non-separating compressing disks 
on a handlebody H cutting H into a 3-ball. A free generating set of F is dual to 
such a system. For a lamination A, the Whitehead graph Wh{A, A) is defined as 
follows. Cut H along A to obtain a planar surface 

partialH with 2n boundary components, each labeled by D'^ or . The vertices 
of Wh{K^ A) are the boundary circles of dH , with an edge whenever two circles 
arc joined by an arc of A \ A. Jeon-Kim [TTj show following [24j that for the 
ending lamination A^; of a degenerate free group without parabolics, W/i(A£, A) 
is connected and has no cutpoints. 

Let be the associated representation. If p is not primitive stable, then there 
exists a sequence of primitive cyclically reduced elements w„ such that ) is not 
an 71— quasi-geodesic. After passing to a subsequence, w„ and hence w* converges 
to a bi- infinite geodesic Woo in the Cayley graph with two distinct end points w+ , W- 
in the Gromov boundary of F. The Cannon-Thurston map identifies w+^W- . 
Hence by Theorem 14.51 thev are either the end points of a leaf of the ending lam- 
ination or ideal points of a complementary ideal polygon. Hence Wh{wcx>, ^) is 
connected and has no cutpoints. It follows that M^/i(w„, A) is connected and has 
no cutpoints for sufficiently large n. It follows from a Lemma due to Whitehead 
that Wn cannot be primitive for large n, a contradiction. 

5.2. Discreteness of Commensurators. In [TH] and [3T], the main results of 
this paper are used to prove that commensurators of finitely generated, infinite 
covolume, Zariski dense Kleinian groups are discrete. The proof proceeds by show- 
ing that commensurators preserve the structure of point pre-images of Cannon- 
Thurston maps. 

5.3. Extending the Sullivan-McMullen Dictionary. A celebrated theorem of 
Yoccoz in Complex Dynamics (see Hubbard [16], or Milnor [23]) proves the local 
connectivity of certain Julia sets using a technique called 'puzzle pieces', which 
consists of a decomposition of a complex domain into pieces each of which under 
iteration by a quadratic map converges to a single point. The dynamical system 
can then be regarded as a semigroup Z_|_ of transformations acting on a complex 
domain. 

Split components can be regarded as a 3-dimensional analogue of puzzle pieces. 
Let us try to justify this analogy. Suppose there is a group G acting cocompactly 
on H^. Let H C G he a subgroup. Let G/H denote the coset space. Then what 
we would want as the right analogue is that if one takes a sequence of elements gi 
going to infinity in the coset space, the iterates of the convex hull of the limit set 
of H converge to a point in the limit sphere. Thus going to infinity in the coset 
space G/H would be the right Kleinian groups analogue of going to infinity in the 
semigroup Z_|_ of transformations acting on a complex domain. 
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In the context of this paper, H would be the fundamental group of a split 
component. However, for us G is a surface Kleinian group and does not act co- 
compactly on H^. We think of the quotient space H'^/i/ as parametrizing the set of 
normal directions to the split component. The graph metric gives a combinatorial 
distance on / H and we think of {M?/H,dc) as the analogue of the semigroup 
Z+. Thus, instead of going to infinity by iteration in the semigroup Z-|_, we go to 
infinity in the graph metric. Further, the analogue of the requirement that iterates 
go to infinity, is that the visual diameter goes to zero as we move to infinity in the 
graph metric. This is ensured by hyperbolic quasiconvexity, and also follows easily 
from graph quasiconvexity. Note that graph quasiconvexity is a statement 
that gives uniform shrinking of visual diameter to zero as one goes to infinity. 

Thus we extend the SuUivan-McMuUen dictionary (see [36], [21]) between Kleinian 
groups and complex dynamics by suggesting the following analogy: 

(1) Puzzle pieces are analogous to split components 

(2) Convergence to a point under iteration is analogous to graph quasiconvexity 

One issue that gets clarified by the above analogy is a point raised by McMullen 
in [22]. McMullen indicates that though the Julia set J{Pe), where 

Pg{z) = e^^^z + z^ 

need not be locally connected in general by a result of Sullivan [35], the limit sets 
of punctured torus groups are nevertheless locally connected. Local connectivity of 
Julia sets would therefore not be the right analogue of local connectivity of limit 
sets in this setup. Instead we look at the techniques for proving local connectivity of 
limit sets vis-a-vis the techniques for proving local connectivity of Julia sets. Thus, 
by proposing the analogy between puzzle pieces and split components as above, 
this issue is to an extent clarified. In short, the analogy is in the technique rather 
than in the result. 

An analogue of the dynamical system may also be extracted from the split 
geometry model. Note that each block corresponds to a splitting of the surface 
group, and hence an action on a tree. As i — > oo, the split blocks and hence the 
induced splittings also go to infinity, converging to a free action of the surface 
group on an R-tree dual to the ending lamination. Thus iteration of the 
quadratic function corresponds to taking a sequence of splittings of the surface 
group converging to a (particular) action on an M-tree. 

Problem: The building of the Minsky model and its bi-Lipschitz equivalence 
to a hyperbolic manifold [25] [6] gives rise to a speculation that there should be a 
purely combinatorial way of doing much of the work. Bowditch's rendering [3] , [4] 
of the Minsky, Brock-Canary-Minsky results is a step in this direction. This paper 
brings out the possibility that the whole thing should be do-able purely in terms of 
actions on trees. Of course there is an action of the surface group on a tree dual to 
a pants decomposition. So we do have a starting point. However, one ought to be 
able to give a purely combinatorial description, ab initio, in terms of a sequence of 
actions of surface groups on trees converging to an action on an R-tree. This would 
open up the possibility of extending these results (including those of this paper) to 
other hyperbolic groups with infinite automorphism groups, notably free groups. 
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